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7KH WKHUPDO GHFRPSRVLWLRQ VWXGLHV IRU WZR SDOODGLXP�,,� FRPSOH[HV 3G�DS\U�
�
&O

�
DQG

3G�SPSD�&O
�
�DS\U ��DPLQRS\UHQH DQG SPSD 1����S\ULG\OPHWK\OHQH����S\UHQ\ODPLQH� ZHUH

FDUULHG RXW LQ SXUH QLWURJHQ XVLQJ 7*�'7* WHFKQLTXHV� 7KH QRQ�LVRWKHUPDO NLQHWLF SDUDPHWHUV IRU
WKH WZR FRPSOH[HV ZHUH HYDOXDWHG HPSOR\LQJ WKH PHWKRG VXJJHVWHG E\ 0iOHN� âHVWiN� .RJD HW DO�
%DVHG RQ WKH DERYH UHVXOWV� WKHUPDO EHKDYLRXU RI WKH FRPSOH[HV ZHUH FDUHIXOO\ GLVFXVVHG� ZKLFK
VKRZHG WKDW QRW RQO\ WKH SDUDPHWHUV YDOXH� EXW DOVR WKH GHFRPSRVLWLRQ SDWWHUQ DQG PHFKDQLVP IRU
FRPSOH[ � DUH GLIIHUHQW IURP FRPSOH[ ��

.H\ZRUGV� ��DPLQRS\UHQH �DS\U�� 1����S\ULG\OPHWK\OHQH����S\UHQ\ODPLQH �SPSD�� NLQHWLFV�
SDOODGLXP�,,�

,QWURGXFWLRQ

7KH SDOODGLXP�,,� FRPSOH[HV ZLWK ��DPLQRS\UHQH�DS\U� DQG LWV GHULYDWLYH DUH D QHZ
W\SH RI FKDUJH WUDQVIHU ZLWK FRQGHQVHG DURPDWLF FRPSRXQGV� LQ ZKLFK WKHUH DUH UHOD�
WLYHO\ VKRUW GLVWDQFHV EHWZHHQ WKH GRQRU DQG DFFHSWRU SODQHV� 'XH WR LWV VSHFLDO VWUXFWXUH�
ERWK RI WKH LRGLQH GRSHG FRPSOH[HV VKRZHG VHPLFRQGXFWRU SURSHUWLHV >�−�@�

,Q SUHYLRXV SDSHU >�@� ZH UHSRUWHG WKH SUHSDUDWLRQ RI WKH WLWOH FRPSOH[HV� WKHLU ,5
DQG 89�YLV VSHFWUD DQG FRQGXFWLYLWLHV� 0DQ\ HIIRUWV KDYH EHHQ PDGH WR FXOWXUH WKHLU
VLQJOH FU\VWDO� EXW XQIRUWXQDWHO\ ZKLFK ZDV LQ YDLQ IRU ODFN RI D VXLWDEOH VROYHQW�

$V DQ H[WHQVLRQ RI RXU VWXGLHV RI WKH WLWOH FRPSOH[HV� WKH SUHVHQW SDSHU LV GHYRWHG
WR WKHLU WKHUPDO EHKDYLRXU DQG WKH QRQ�LVRWKHUPDO GHFRPSRVLWLRQ NLQHWLFV RI WKH
FRPSOH[HV XQGHU D G\QDPLF QLWURJHQ DWPRVSKHUH E\ XVLQJ WKH 7*�'7* WHFKQLTXH�
WKH NLQHWLF SDUDPHWHUV DQG WKH PHFKDQLVP KDYH DOVR EHHQ HYDOXDWHG DQG VWXGLHG E\
HPSOR\LQJ D PRUH VXLWDEOH PHWKRG >�@� L�H� RQH VXJJHVWHG E\ 0iOHN� âHVWiN HW DO�

>�−�@� DOO WKH UHVXOWV ZHUH REWDLQHG ZLWK WKH DLG RI WKH FRPSXWHU SURJUDP ZULWWHQ E\
XV� %DVHG RQ WKH DERYH UHVXOWV RI WZR FRPSOH[HV� WKHLU WKHUPDO VWDELOLW\� GHFRPSRVL�
WLRQ SDWWHUQ DQG PHFKDQLVP DUH GHVFULEHG�

����±�������� � ����

 ���� $NDGpPLDL .LDGy� %XGDSHVW

$NDGpPLDL .LDGy� %XGDSHVW

.OXZHU $FDGHPLF 3XEOLVKHUV� 'RUGUHFKW

 $XWKRU WR ZKRP DOO FRUUHVSRQGHQFH VKRXOG EH DGGUHVVHG�



([SHULPHQWDO

7KH SUHSDUDWLRQ DQG FKDUDFWHULVDWLRQ IRU WKH FRPSRXQGV ZHUH SUHYLRXVO\ UH�
SRUWHG >�@�

7KHUPDO DQDO\VHV RI WKH FRPSOH[HV ZHUH SHUIRUPHG RQ D 3HUNLQ (OPHU 'HOWD VH�
ULHV 7*$�� WKHUPRJUDYLPHWULF DQDO\VHU LQ SXUH QLWURJHQ IORZLQJ DW D UDWH RI
�� PO PLQ−�� 7KH VDPSOHV ZHUH KHDWHG DW ���� ���� ���� DQG ����R& PLQ−� IURP �� WR
���R&� ZLWK DSSUR[LPDWHO\ WKH VDPH VDPSOH PDVV RI �−� PJ� UHVSHFWLYHO\�

7KHRU\

.LQHWLF LQYHVWLJDWLRQV RI VROLG VWDWH UHDFWLRQV KDYH VKRZQ WKDW WKH SURFHVVHV LQ�
YROYHG DUH JHQHUDOO\ FRPSOH[ >�� ��@� 5HFHQWO\ D QHZ FRPSOHWH PHWKRG KDV WKHUH�
IRUH EHHQ SURSRVHG E\ 0iOHN� âHVWiN� .RJD DQG FR�ZRUNHUV� DOORZLQJ UHOLDEOH NL�
QHWLF DQDO\VLV DQG LQWHUSUHWDWLRQ RI QRQ�LVRWKHUPDO 7*�'7* GDWD� 7KH PHWKRG KDV
EHHQ WKRURXJKO\ GHVFULEHG LQ WKH FLWHG OLWHUDWXUH >�−�@� +HUH ZH JLYH RQO\ D EULHI
RXWOLQH� UHIHUULQJ WKH UHDGHU WR WKH RULJLQDO SDSHUV IRU IXUWKHU GHWDLOV�

7KH JHQHUDO NLQHWLF HTXDWLRQ LQ QRQ�LVRWKHUPDO VWXGLHV LV

Gα
G7

= $

β
H[S(−(�57)I(α) ���

ZKHUH α� 7� $� ( DQG 5 DUH WKRVH LQ FRPPRQ XVH� β WKH KHDWLQJ UDWH DQG I�α� D IXQF�
WLRQ GHSHQGLQJ RQ WKH DFWXDO UHDFWLRQ PHFKDQLVP� 7KH PRVW IUHTXHQWO\ XVHG I�α�
IXQFWLRQV >��@ DUH VXPPDUL]HG LQ 7DEOH ��

%HFDXVH RI WKH VWURQJ PXWXDO LQWHUGHSHQGHQFH RI WKH SDUDPHWHUV ( LQ (T� ���
>��� ��@� ,Q WKLV SDSHU� ILUVWO\� WKH .LVVLQJHU DQG 2]DZD PHWKRGV ZHUH FDUULHG RXW WR
FDOFXODWH WKH DFWLYDWLRQ HQHUJ\ ( DW GLIIHUHQW KHDWLQJ UDWHV� ,Q DGGLWLRQ� WKH 2]DZD
PHWKRG ZDV DOVR XVHG WR FKHFN WKH LQYDULDQFH RI ( ZLWK UHVSHFW WR GLIIHUHQW α� ZKLFK
LV RQH RI WKH EDVLF DVVXPSWLRQV LQ NLQHWLF DQDO\VLV >�@�

6HFRQGDU\� GHWHUPLQDWLRQ RI WKH PRVW SUREDEOH NLQHWLF PRGHO ZDV SHUIRUPHG E\
WKH WZR VSHFLDO IXQFWLRQV <�α� DQG =�α� >�� �� �@

7DEOH � .LQHWLF PRGHOV

0RGHO 6\PERO I�α�

âHVWiN�%HUJJUHQ HTXDWLRQ 6%�P� Q� αP(�−α)Q

-RKQVRQ�0HKO�$YUDPL HTXDWLRQ -0$ �Q� Q(�−α)>−OQ(�−α)@�−��Q

5HDFWLRQ RUGHU HTXDWLRQ 52 �Q� (�−α)Q

7ZR�GLPHQVLRQDO GLIIXVLRQ '� ��>−OQ(�−α)@

-DQGHU HTXDWLRQ '� �(�−α)���
��>�−(�−α)���@

*LQVWOLQJ�%URXQVKWHLQ HTXDWLRQ '� ���>(�−α)−���−�@
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ZKLFK FDQ HDVLO\ EH REWDLQHG E\ VLPSOH WUDQVIRUPDWLRQ RI WKH H[SHULPHQWDO GDWD DQG
WKH VKDSH RI IXQFWLRQ <�α� ZLWK ERWK WKH SDUDPHWHUV α0 DQG α3

∞ DW ZKLFK WKH IXQF�
WLRQV <�α� DQG =�α� KDYH D PD[LPXP UHVSHFWLYHO\�

7KHQ WKH NLQHWLF H[SRQHQWV Q �RU P� FDQ EH FDOFXODWHG IRU WKH GHWHUPLQHG NLQHWLF
PRGHO >�@�

)LQDOO\� WKH SUH�H[SRQHQWLDO IDFWRU �$� ZDV REWDLQHG E\ XVLQJ WKH IROORZLQJ HTXD�
WLRQ >�@�
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ZKHUH αS DQG [S LV WKH GHJUHH RI FRQYHUVLRQ DQG UHGXFHG DFWLYDWLRQ HQHUJ\ DW WKH
PD[LPXP RI 7$ SHDN�

5HVXOWV�DQG�GLVFXVVLRQ

7KHUPDO EHKDYLRXU

7KH WHPSHUDWXUH UDQJH DQG '7* SHDNV� WRJHWKHU ZLWK WKH SHUFHQWDJH RI PDVV ORVV
PHDVXUHG DW YDULRXV KHDWLQJ UDWHV DQG GHFRPSRVLWLRQ SURGXFWV� DUH VXPPDUL]HG LQ

)LJ� � 7KH 7* DQG '7* FXUYHV IRU 3G�DS\U�
�
&O

�
DW β ��� . PLQ
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7DEOH �� 7KH 7*�'7* FXUYHV IRU WZR FRPSOH[HV DUH VKRZQ LQ )LJV � DQG �� ,W LV RE�
YLRXV WKDW FRPSOH[ � LV PRUH VWDEOH WKDQ FRPSOH[ �� LW FDQ EH H[SODLQHG E\ WKH GLI�
IHUHQFH LQ WKHLU VWUXFWXUH�

)LJ� � 7KH 7* DQG '7* FXUYHV IRU 3G�SPSD�&O� DW β ��� . PLQ
−�

7DEOH � 7KHUPDO GDWD

&RPSOH[
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. PLQ
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7HPS��R& 0DVV ORVV�� 'HFRPSRVLWLRQ
SURGXFWUDQJH SHDN IRXQG FDOF�
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7KH UHPDLQGHU RI SPSD OLJDQG DIWHU WKH ILUVW VWDJH
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7KH 7*�'7* FXUYHV IRU FRPSOH[ � VKRZ WZR GHFRPSRVLWLRQ VWDJHV� 7KH ILUVW
VWHS� ORVV RI PDVV ������ �FDOF� ������� DW D VFDQQLQJ UDWH RI ���R& PLQ

−�� FRUUH�
VSRQGV WR WKH UHPRYDO RI WZR DS\U PROHFXOHV� IROORZHG E\ WKH VWHS RI UHOHDVLQJ &O��
7KH '7* FXUYH IRU FRPSOH[ � VKRZV WZR SHDNV� 7KH ILUVW VWHS� ORVV RI PDVV ������
�FDOF� ������� DW D VFDQQLQJ UDWH RI ���R& PLQ

−�� FRUUHVSRQGV WR WKH GHFRPSRVLWLRQ
RI WKH S\ULG\O JURXS IURP WKH SPSD OLJDQG� )URP WKH SRLQW RI YLHZ RI ERQG VWUHQJWK
>��@� LW VHHPV UHDVRQDEOH IRU D SRVVLEOH EUHDN WR RFFXU DW WKH S\ULG\O−& ERQG� EHFDXVH
WKH &−& ERQG KDV DOPRVW WKH ORZHVW ERQG HQHUJ\ ������ N-PRO

−�� LQ DOO WKH FRQFHUQHG
ERQGV RI SPSD PROHFXOH� QDPHO\ &−+ ������ N- PRO

−��� &−& ������ N- PRO
−��� & 1

������ N- PRO
−��� 7KH VHFRQG VWHS� ORVV RI PDVV ������ �FDOF� �������� FRUUHVSRQGV

WR WKH UHPRYDO RI WKH UHPDLQGHU RI WKH SPSD OLJDQG DQG WKH WZR FKORULQH DWRPV� 7KH
SKHQRPHQRQ WKDW WKH S\ULG\O JURXS ZDV ILUVW EURNHQ VXJJHVWV WKDW WKH ERQG RI QLWUR�
JHQ DWRP RQ WKH S\ULG\O FRRUGLQDWHG ZLWK SDOODGLXP LV ZHDNHU WKDQ WKDW ZKLFK MRLQHG
ZLWK S\UHQ\O LQ FRPSOH[ �� ,W FDQ EH H[SODLQHG E\ WKH GLIIHUHQFH LQ FKHPLFDO VXUURXQG�
LQJV RI WKH WZR QLWURJHQ DWRPV LQ WKH OLJDQG PROHFXOH�

7KH UHVLGXH PDVV IRU WKH WZR FRPSOH[HV VWXGLHG DIWHU WKH ILQDO GHFRPSRVLWLRQ LV
LQ JRRG DJUHHPHQW ZLWK WKH FDOFXODWHG YDOXH RI 3G� ZKLFK LV FRQVLVWHQW ZLWK WKH UH�
VXOWV LQ RXU SUHYLRXV ZRUN >��@�

7KHUPDO GHFRPSRVLWLRQ NLQHWLFV

.LQHWLF VWXGLHV KDYH EHHQ PDGH IRU WKH VWHS FRUUHVSRQGLQJ WR WKH ORVV RI OLJDQGV
�RU LWV UHPDLQGHU�� WKDW LV WKH ILUVW VWDJH GHFRPSRVLWLRQ UHDFWLRQ IRU FRPSOH[ � DQG ��

7KH DFWLYDWLRQ HQHUJ\ YDOXHV ( IRU DOO WKH VWXGLHG GHFRPSRVLWLRQV GHWHUPLQHG E\
WKH .LVVLQJHU DQG 2]DZD PHWKRGV� DUH VXPPDUL]HG LQ 7DEOH �� 7KH YDOXHV RI SD�
UDPHWHU ( E\ WZR PHWKRGV DUH LQ UHDVRQDEOH DJUHHPHQW� DQG WKH ( YDOXHV FDOFXODWHG
HPSOR\LQJ 2]DZD PHWKRG DUH JHQHUDOO\ LQGHSHQGHQW RI WKH YDOXH RI α� ZKLFK KDV
SURYLGHG D FKHFN IRU WKH FRQVWDQF\ RI ( GXULQJ WKH FRXUVH RI UHDFWLRQ� 7KH DFWLYDWLRQ
HQHUJ\ YDOXH LQ WKH VHFRQG�VWHS LV PXFK ODUJHU WKDQ WKDW LQ WKH ILUVW�VWHS IRU FRP�
SOH[ �� ZKLFK SRVVLEO\ LQGLFDWHV WKDW WKH VWUHQJWK RI WZR 1−3G ERQGV LQ WKH SODQDU
PROHFXOH DUH GLIIHUHQW� DV GHVFULEHG DERYH�

)LJXUHV � DQG � VKRZ IXQFWLRQV <�α� DQG =�α� GHSHQGHQFHV IRU VHYHUDO VHWV RI NL�
QHWLF GDWD REWDLQHG DW YDULRXV KHDWLQJ UDWHV� 7KH LPSRUWDQW IHDWXUH DQG SDUDPHWHU YDO�
XHV� VXFK DV α0 DQG αS

∞� FRUUHVSRQGLQJ WR WKH PD[LPD RI WKH <�α� DQG =�α� FXUYHV�
UHVSHFWLYHO\� DV ZHOO DV WKH VKDSH RI <�α� DUH VXPPDUL]HG IRU WKH VWXGLHG FRPSOH[HV
LQ 7DEOH ��

7DEOH � 7KH YDOXHV RI ( �LQ N- PRO
−�
� FDOFXODWHG XVLQJ WKH .LVVLQJHU DQG 2]DZD PHWKRGV

&RPSOH[ .LVVLQJHU
2]DZD
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,W LV FOHDU WKDW WKHUH LV D PD[LPXP RI WKH <�α� IXQFWLRQ DW α0 ∈ ��� α3� IRU FRP�
SOH[ �� DQG WKDW WKH <�α� IXQFWLRQ IRU WKH ILUVW�VWHS UHDFWLRQ RI FRPSOH[ � GHFUHDVHV
VWHDGLO\ DQG KDV D PD[LPXP DW α0 �� +RZHYHU� WKHUH DUH WZR PD[LPD RI WKH <�α�
IXQFWLRQ IRU WKH VHFRQG�VWHS GHFRPSRVLWLRQ RI FRPSOH[ � DW α0 � DQG α0 ∈ ��� α3��

)LJ� � 1RUPDOL]HG <�α� IXQFWLRQV FRUUHVSRQGLQJ WR WKH OLJDQGV GHFRPSRVLWLRQ NLQHWLF GDWD
IRU VWXGLHG FRPSOH[HV D ± FRPSOH[ �� E ± ILUVW�VWHS IRU FRPSOH[ � DQG F ± VHFRQG�VWHS
IRU FRPSOH[ �� 7KH KHDWLQJ UDWHV DUH VKRZQ E\ YDULRXV SRLQWV� ∆ ± ����
� ± ����  ± �� DQG ± �� . PLQ

−�
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UHVSHFWLYHO\� WKXV LWV NLQHWLF PRGHO FDQQRW EH GHWHUPLQHG E\ WKH FLWHG PHWKRG� ,W LV
SRVVLEOH WKDW WKH VHFRQG VWHS RI GHFRPSRVLWLRQ LV QRW D VLQJOH EXW DQ RYHUODSSLQJ UH�
DFWLRQ� ,W PD\ EH GXH WR WKH VLPXOWDQHRXV EUHDN RI WKH ERWK ERQGV RI 1−3G DQG
3G−&O ZKLFK OHDGV WR D YHU\ FRPSOLFDWHG PHFKDQLVP�

)LJ� � 1RUPDOL]HG =�α� IXQFWLRQV FRUUHVSRQGLQJ WR WKH OLJDQGV GHFRPSRVLWLRQ NLQHWLF GDWD
PHDVXUHG IRU VWXGLHG FRPSOH[HV D ± FRPSOH[ �� E ± ILUVW�VWHS IRU FRPSOH[ � DQG
F ± VHFRQG�VWHS IRU FRPSOH[ �� 7KH KHDWLQJ UDWHV DUH VKRZQ E\ YDULRXV SRLQWV�
∆ ± ���� � ± ��  ± �� DQG ± �� . PLQ

−�
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,W LV HYLGHQW WKDW WKH YDOXHV RI WKHVH SDUDPHWHUV FRQIRUP WR WKH 6% �Q� P� PRGHO IRU
FRPSOH[ �� DQG WKH 52 �Q<�� PRGHO IRU WKH ILUVW�VWHS RI FRPSOH[ �� 7KH NLQHWLF SDUDPH�
WHUV FDOFXODWHG IRU WKHVH PRGHOV DUH SUHVHQWHG LQ 7DEOH �� &RQVLGHULQJ WKHVH UHVXOWV� WKH
GHFRPSRVLWLRQ SURFHVV IRU FRPSOH[ � VHHPV WR EH PRUH FRPSOLFDWHG WKDQ WKDW IRU FRP�
SOH[ �� 7ZR SDOODGLXP�,,� FRPSOH[HV ZLWK DPLQRS\UHQH DQG LWV GHULYDWLYH ZRXOG EH
OLQNHG E\ D VWURQJ LQILQLWH VWDFNLQJ RI WKH S\UHQH SODQHV WR IRUP D SRO\PHU VWUXFWXUH�

$V VHHQ IURP 7DEOH �� LW LV LQWHUHVWLQJ WR QRWH WKDW QRW RQO\ WKH YDOXH RI (� EXW DOVR
WKH GHFRPSRVLWLRQ SDWWHUQ DQG PHFKDQLVP RI FRPSOH[ � LV GLIIHUHQW IURP WKDW RI
FRPSOH[ ��

&RQFOXVLRQV

7KH QLWURJHQ DWRP LQ FRPSOH[ � LV WHWUDKHGUDO� DQG WKHUH LV QR FRQMXJDWLRQ RI WKH
S\UHQ\O π�HOHFWURQ ZLWK G�HOHFWURQV RI PHWDO� ZKHUHDV WKH DPLQH QLWURJHQ LQ FRPSOH[
� LV SODQDU DQG FRRUGLQDWHV WR PHWDO DWRP IRUPLQJ D FRQMXJDWLRQ SODQDU PROHFXOH�
)RU WKLV UHDVRQ� FRPSOH[ � LV PRUH VWDEOH WKDQ FRPSOH[ �� 7KHLU GHFRPSRVLWLRQV DUH
FRPSOHWH DW D WHPSHUDWXUH UDQJH RI ���−���R&� 7KHUPDO GHFRPSRVLWLRQ NLQHWLF SD�
UDPHWHUV DQG PHFKDQLVP KDYH EHHQ VWXGLHG �H[FHSW WKH VHFRQG�VWHS IRU FRPSOH[ ��
LQ WKLV ZRUN� WKHLU GHFRPSRVLWLRQ SDWWHUQ FDQ EH GHVFULEHG E\ WKH 6% PRGHO IRU FRP�
SOH[ � DQG 52 �Q>�� PRGHO IRU WKH ILUVW VWDJH RI FRPSOH[ �� UHVSHFWLYHO\�

5HIHUHQFHV

� &� .� 3URXW DQG ,� -� 7LFNOH� -� &KHP� 6RF� 3HUNLQ 7UDQV�� ������ ����
� /� )� 9HLURV� 0� -� &DOKRUGD DQG (� &DQDGHOO� ,QRUJ� &KHP�� �� ������ �����
� -� 'DL� -� 3� 6XQ DQG =� 5� /X� -� &RRUG� &KHP�� �� ������ ����
� =� /X� /� <DQJ DQG -� 6XQ� -� 7KHUPDO $QDO�� �� ������ �����
� -� 0½OHN� 7KHUPRFKLP� $FWD�� ��� ������ ����
� 1� .RJD� -� 0½OHN� -� iHVW½N DQG +� 7DQDND� 1HWVX 6RNXWHL� �� ������ ����
� -� iHVW½N DQG -� 0½OHN� 6ROLG 6WDWH ,RQLF� �� ������ ����
� *� ,� 6HQXP DQG 5� 7� <DQJ� -� 7KHUPDO $QDO�� �� ������ ����
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